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Scales of magnitude

Video “Cosmic Eye” by Danail Obreschkow

Some scale ratios:

Size of universe ≈ 1041 · Size of elementary particle

Age of universe ≈ 1033 ·Atomic vibration

Numbers greater than ∼ 10150 are infinite for all practical purposes...

Monkey paradox: number of characters before one would expect to see one page of
Shakespeare is about 104000!!
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The behaviour of laws of nature changes when scales change!

For example: liquids appear more viscous and have higher surface tension at small
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More interesting example

Fractals: there are details at every scale!



More interesting example

Fractals: there are details at every scale!



More interesting example

Fractals: there are details at every scale!



More interesting example

Fractals: there are details at every scale!



More interesting example

Fractals: there are details at every scale!



More interesting example

Fractals: there are details at every scale!



Lorenz system

Simplified model for atmospheric convection:

∂tx = 10 · (y − x)

∂ty = x · (28− z)− y

∂tz = x · y − 8

3
z

Chaotic behaviour: essentially impossible to predict trajectories beyond a few
revolutions. Precision required at time 0 to predict with certainty in which lobe the
solution finds itself at time t is about 10−0.4·t. Can we still say something about the
behaviour at large times?
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Interpret the first coordinate as a ‘velocity’ and plot the corresponding ‘position’ as a
function of time.

T = 5
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Head: win 1 pound, Tail: lose 1 pound.

Behaviour after a large number of games?
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A simple random model

Head: win 1 pound, Tail: lose 1 pound.

3000 rounds

Typical value after N games about
√
N .



Einstein-Smoluchowski

Around 1905-1906, they independently develop a theory of Brownian motion (pollen
particles suspended in water observed by Brown):

1. Physics: Random motion caused
by collisions with water
molecules.

2. Mathematics: Distribution of
the particle position described
by the heat equation.

Quantitative predictions, experimentally verified by Perrin in 1908 (Nobel prize 1926).
Closes the debate regarding the existence of atoms.
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Bachelier

Submits his thesis “Théorie de la spéculation” in 1900, but only finds recognition much
later. Besides a very short time at Sorbonne (interrupted by WWI), obtains his first
permanent position at age 57!

1. Finance: Describes mechanism for
evolution of stock prices.

2. Mathematics: Probability distribution
of stock prices is described by the heat
equation.

Lays foundations for the works of Black & Scholes (1973), awarded the 1997 Nobel
Prize in Economics.
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Interesting models are scale invariant: fixed points. Basins of attraction: universality
classes. “Unreasonable effectiveness of mathematics” (Wigner)
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Beyond the “Brownian” universality class

Interface fluctuations: two adjacent regions of differing stabilities. The stable region
invades the unstable one.
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Intermediate regime

Described by the KPZ equation, a stochastic partial differential equation:

∂th = ∂2

x
h+ (∂xh)

2 + ξ − ∞ .

Problem: very irregular solutions: infinite slope ∂xh everywhere! Needs to subtract an
infinite constant to the right hand side...

Theorem (Bruned, Chandra, Chevyrev, H., Quastel, Xu, Zambotti 2011–2020)
Notion of solution that is stable under perturbations.
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And finally

Thank you very much!


